Abstract. We show that for infinitely many natural numbers k there are k-uniform hypergraphs which admit a 'rescaling phenomenon' as described in [10] . More precisely, let Apk, I, nq denote the class of k-graphs on n vertices in which the sizes of all pairwise intersections of edges belong to a set I. We show that if k " rt 2 for some r ě 1 and t ě 2, and I is chosen in some special way, the densest graphs in Aprt 2 , I, nq are either dominated by stars of large degree, or basically, they are 't-thick' rt 2 -graphs in which vertices are partitioned into groups of t vertices each and every edge is a union of tr such groups. It is easy to see that, unlike in stars, the maximum degree of t-thick graphs is of a lower order than the number of its edges. Thus, if we study the graphs from Aprt 2 , I, nq with a prescribed number of edges m which minimise the maximum degree, around the value of m which is the number of edges of the largest t-thick graph, a rapid, discontinuous phase transition can be observed. Interestingly, these two types of k-graphs determine the structure of all hypergraphs in Aprt 2 , I, nq. Namely, we show that each such hypergraph can be decomposed into a t-thick graph H T , a special collection H S of stars, and a sparse 'left-over' graph H R . §1. Introduction
§1. Introduction
By a set system we mean a pair S " pV, Eq such that E is a collection of subsets of V . The members of V are usually referred to as the vertices of the set system, whilst the members of E are called edges. If all members of E are of the same cardinality k ě 0 we call S a k-uniform hypergraph or, more briefly, a k-graph.
Occasionally we identify a hypergraph H with its set of edges, denoting, for example, by |H| the number of edges in H. For a given set I of nonnegative integers, we say that a k-graph H is I-intersecting if |e X f | P I holds for all e, f P H. Starting with the seminal work [5] of Erdős, Ko, and Rado, the study of I-intersecting hypergraphs and set systems has a long tradition in extremal combinatorics (see, e.g., [1, 3, 4, 7, 8, 11, 12] for some milestones). Let us remark that sometimes in the literature (e.g., [3, 4, 7] ) an I-intersecting k-graph on n vertices is called an pn, k, Iq-system.
Motivated by the stability of extremal hypergraphs for the 3-uniform loose path of length 3 the first two authors studied t0, 2, 3, 4u-intersecting 4-graphs in [10] . The aim of the present article is to extend their results to the more general family J pr, tq which consists of all I-intersecting rt 2 -graphs, where r ě 1 and t ě 2 are arbitrary integers and
This choice of the set of permissible intersections may look bizarre at first and our main incentive to study it came from the aesthetical merits of the results we hoped to obtain: to explain those, we start from the observation that there are two quite different examples of dense rt 2 -graphs H P J pr, tq on n vertices with Θpn rt q edges.
The most obvious one is the full`rtpt´1q˘-star, i.e., a hypergraph H with a distinguished rtpt´1q-set S of vertices, called the centre of the star, such that the edges of H are precisely the rt 2 -supersets of S. Clearly such a star has exactly`n´r t 2`r t rt˘e dges and it can be shown that, for large n, it is the unique hypergraph which maximises the number of edges among all hypergraphs in J pr, tq on n vertices (see Proposition 2.3 below).
However, there exists another natural construction of dense rt 2 -graphs H P J pr, tq with n vertices and Θpn rt q edges. It proceeds by splitting the vertex set into tn{tu subsets of size t called teams (and a small number of left-over vertices) and to declare an rt 2 -set to be an edge if and only if it is a union of rt teams. We call the resulting hypergraph a thick clique and to its subhypergraphs we refer as thick hypergraphs. Note that each thick hypergraph has the property that for any two edges e and f the number |e X f | is a multiple of t and, hence, it indeed belongs to J pr, tq. The point that interests us here is that even though both the star and the thick clique have Θpn rt q edges, their maximum vertex degrees are of different orders of magnitude. In fact, while the vertices belonging to the centre of a star have degree Ωpn rt q, the maximum degree of a thick clique is easily seen to be only Opn rt´1 q. Perhaps surprisingly, it turns out that this phenomenon arises in a very "discontinuous" manner: As soon as a graph from J pr, tq has one edge more than the thick clique, it needs to contain a vertex of degree Ωpn rt q.
This is the main result of the present work which, crudely, can be stated as follows (for further structural results see Theorems 2.2 and 3.5 below). The main step in the proof of Theorem 1.1 is a somewhat surprising structural result (see Theorem 2.2 below). It turns out that stars and thick hypergraphs which naturally emerge when we study hypergraphs in J pr, tq whose density is close to the maximum density Θpn rt q, are natural building blocks for all 'not too sparse' members J pr, tq. More specifically, we show that up to an 'error of lower order,' i.e., up to at most Opn rt´1 q edges, any such hypergraph arises by attaching "non-overlapping" stars to a thick hypergraph. This article is organised as follows. In the next section we state a precise version of the structure theorem mentioned above. Then, in Section 3, we show that it does indeed imply Theorem 1.1 and give more structural characterisations of dense hypergraphs in J pr, tq with small maximum degree. Section 4 collects some tools needed for the proof of this structure theorem including a 'decomposition lemma' (see Lemma 4.4 below) that might have some other applications as well. Finally, in Section 5, we prove the structure theorem. §2. The structure theorem
We begin this section with some definitions allowing us to formulate a precise version of the structure theorem for rt 2 -graphs H P J pr, tq.
Let k ě s ě 0 be integers. A k-uniform hypergraph H " pV, Eq with a set S Ď V of distinguished vertices of size |S| " s is an s-star if S Ď e holds for all edges e P E. We call S the centre of the star and Ť hPE ph Sq is referred to as the body of the star. A collection of stars is said to be semi-disjoint if their centres are distinct and their bodies are mutually disjoint. Of course, an s-star H on |V | " n vertices can have at most`n´s k´sȇ dges. If this happens we say that H is a full s-star and denote it by S k n,s . Next, for a given hypergraph H " pV, Eq, we say that a subset W Ď V of its vertex set is inseparable in H, if for all edges h P E we have W X h P t∅, W u. Now consider three natural numbers k, t, and n satisfying t | k, and suppose that a set V of n vertices is partitioned into tn{tu many t-subsets called teams and fewer than t further vertices. By r K k n,t we denote the thick pk, n, tq-clique, i.e., the k-graph on n vertices whose`t n{tu k{tȇ dges are all possible unions of some k{t of these teams. We refer to its subhypergraphs as t-thick or just thick hypergraphs. Evidently the teams are inseparable in r K k n,t and a k-graph H on n vertices possessing tn{tu mutually disjoint inseparable t-sets of vertices is a subhypergraph of the thick clique r K k n,t . Finally, for positive integers t, , and a, we define a class Fpt, , aq of t-graphs as follows. Definition 2.1. For given natural numbers t, , and a, we say that an t-graph H " pV, Eq belongs to the class Fpt, , aq if there exist partitions
such that (i ) V T is a union of inseparable t-subsets of V , and H T " HrV T s; (ii ) H S " th P H : |h X V S | " u consists of semi-disjoint` pt´1q˘-stars with their centres in V T Y V R and their bodies in V S ; (iii ) any edge of H that intersects the body of a star S˚Ď H S contains the centre of S˚;
Now the structure theorem for rt 2 -graphs H P J pr, tq promised in the introduction can be stated as follows.
Theorem 2.2 (Structure Theorem).
For all integers r ě 1 and t ě 2 we have
q .
The proof of this result is deferred to Section 5. We conclude this section by pointing out that the structure theorem quickly allows us to determine the extremal rt 2 -graphs in J pr, tq.
The following statement shows that the extremal hypergraph, the full` pt´1q˘-star, is unique and stable for this problem. 
where
and so
Assume first that |V S | ă n´2D. Then
and so, by (2.1),
As this contradicts our assumption, we may conclude that |V S | ě n´2D.
In particular, we have |V T |`|V R | ď 2D, and |H T Y H R | ď p2Da`1qn ´2 . Consider the largest star S˚" pV˚, E˚q in H S and let s be its centre. Then |V˚| ě n{2, since otherwise
which, again, contradicts our assumption on m. This proves that |V˚X V S | ě n´c. By Definition 2.1(iii ), all edges of H intersecting V˚X V S contain s and therefore they form an` pt´1q˘-star. Since |V pV˚X V S q| ď c, there can be at most`c t˘e dges not belonging to this star, which establishes our first assertion. The moreover-part follows from the observation that in case c " t the only potential further edge, V pV˚X V S q, would still contain s and could thus be adjoined to the star. §3. Minimum maximum degree Let us first start with the proof of Theorem 1.1 which, let us recall, states that in each hypergraph from J pr, tq with m ą`t n{tu rt˘e dges there exists a big star which contains a positive fraction of all edges; moreover thick cliques show that this result is sharp. We prove this result in a slightly stronger form, which gives a better estimate for the size of the biggest star for dense graphs. Besides, it states that each graph from J pr, tq which has nearly`t n{tu rt˘e dges and small maximum degree is thick. Here, for H P J pr, tq, by H S we denote a subgraph consisting of`rtpt´1q˘-stars as obtained by applying the Structure Theorem 2.2 to H. Proof. For given integers t ě 2, and r ě 1, choose n 0 so large that all inequalities below hold for n ě n 0 . Moreover, let H P J pr, tq, where the number of edges m satisfies
q, so let us take partitions
where C " prt 2 q r 3 t 6 . As a straightforward consequence of the above inequality we get the following claim.
Proof. Since V S " ∅, the vertex set of H is partitioned into sets V T and V R , where |V T | is divisible by t and
contrary to (3.2). Thus we must have H R " ∅ and, hence,
It turns out that if V S ‰ ∅, then the maximum degree must be large.
Claim 3.3. If V S ‰ ∅, then H S contains an`rtpt´1q˘-star with at leastn vertices in the body and at least mn{n´n rt´1 edges, wheren is defined as in (3.1).
Proof. We start with bounding from below the average degree adpGq of the rt-graph G S " pV S , E S q with the set of vertices V S and the set of edges E S " th X V S : h P H S u.
Using the upper bound on |H R | we get
Here the numerator of the second fraction is, due to (3.2), at least n,t .
Once we know that dense graphs from J pr, tq with m ą`t n{tu rt˘c ontain vertices of large degree one may ask about the structure of graphs which, for a given m " mpnq, minimise the maximum degree. A natural conjecture is that they can be expressed as a union of large disjoint`rtpt´1q˘-stars with, perhaps, some limited number of extra edges like those which intersect the centres of these stars in sets whose sizes are multiples of t.
In [10] such a result is proved for the family J p1, 2q. Namely, it is shown that, for large enough n, from each t0, 2, 3, 4u-intersecting 4-graph with n vertices and m ą`t n{2u 2˘e dges that minimises the maximum degree one can remove at most 128 edges to get a 4-graph which consists of at most four 2-stars and, perhaps, some number of isolated vertices (for details and discussions of this result see [10] ).
The remaining part of this section is devoted to the proof of an analogous result for J pr, tq in the general case. As we will see shortly, a similar result holds whenever r " 1, while for r ě 2 a weaker yet quite satisfactory characterisation of the extremal graphs can be shown. Nevertheless, in order to state our theorem more precisely, we need some notation, analogous to those used in [10] .
We define the minimum maximum-degree function of J pr, tq by setting f pr, t; n, mq " min ∆pHq : H " pV, Eq P J pr, tq, |V | " n, and |E| " m ( for all nonnegative integers n and m. The corresponding collection of extremal hypergraphs is denoted by Epr, t; n, mq.
Note that the function f pr, t; n, mq is always bounded from below by the average degree rt 2 m{n; on the other hand, one can always find a thick graph from J pr, tq such that the degrees of all vertices, except at most t´1, are within distance one from each other. Hence, from Theorem 3.1 it follows that whenever m ď`t n{tu rt˘a nd n is large enough we have rrt 2 m{ns ď f pr, t; n, mq ď rrtm{tn{tus " rrt 2 m{nsp1`Opt{nqq ,
i.e., in this range of m the function f pr, t; n, mq is determined up to the first order term. Thus, it remains to study the value of f pr, t; n, mq and the structure of the extremal graphs from Epr, t; n, mq for m ą`t n{tu rt˘.
For this we require one more concept. Let us say that an`rtpt´1q˘-star S with some number N of vertices in its body is heavy if its minimum vertex degree is at least 2r 2 t 3 N rt´2 . Consider the process when we repeatedly remove from a star S the (lexicographically first) vertex of smallest degree until the resulting star, possibly empty, is heavy. The substar S 1 obtained in this way is called the core of S, its set of edges is denoted by cr e pSq, and by cr v pSq we mean the set of vertices forming its body.
The first two parts of the following fact list standard properties of the process by means of which the core is constructed, while its third part states that cores have a property reminiscent of condition (iii ) in Definition 2.1. 
can intersect e X B, there is an edge f P S disjoint to e X B and, consequently, we have |e X s| P I, where s denotes the centre of S. Similarly, for every w P e X B distinct from v there are at most N rt´2 edges of S containing both v and w, and thus there is an edge f 1 P S with pe X Bq X f 1 " tvu, which proves |e X s|`1 P I. But the only possibility for the consecutive integers |e X s| and |e X s|`1 to belong to I is that s Ď e, as desired.
The following result describes the structure of dense H P Epr, t; n, mq quite precisely. 
(iii ) the centres of the stars S 1 , . . . , S are pairwise disjoint.
In particular, we can delete from H at most c 3 n pr´1qt edges to get a union of at most vertex disjoint`rtpt´1q˘-stars.
Proof. Let us assume that n is sufficiently large, m ą`t n{tu rt˘,
and that H P Epr, t; n, mq. The idea for constructing the first ´1 of the desired stars is to apply Fact 3.4(a ) iteratively, pulling these stars out of H one by one. This process comes to an end when we cannot guarantee anymore to find a star with a sufficiently large core in the remaining part of H. Then we argue that the remaining part of H which lies outside the stars cannot be large. Otherwise we could delete one edge from each large star and all edges of H which do not belong to them and create a new star, disjoint from the one already found. In this way out of H we could construct a new graph H 1 P J pr, tq with the same number of vertices and edges as H but which has smaller maximum degree contradicting the fact that H P Epr, t; n, mq. A similar argument (finding H 1 P J pr, tq with ∆pH 1 q ă ∆pHq) shows that the centres of the large stars must be disjoint.
Let us make the above argument precise. Notice that for each i P r ´1s property (a ) of the above process entails Proof. Suppose that the assertion does not hold. Our aim is to get a contradiction with the assumption that H P Epr, t; n, mq by constructing a graph H 1 P J pr, tq having the same number of vertices and edges as H but a smaller maximum degree. Choose some absolute constants c, c 1 , c 2 , c 1 , and c 4 depending only on r and t, sufficiently large so that all arguments below will work, and obeying the hierarchy 
which is absurd. Thus r H is indeed a union of vertex disjoint stars.
Let us comment briefly on the structure of H P Epr, t; n, mq described in Theorem 3.5. Once we know Theorem 3.5 the estimate for the number of stars can be easily improved to the optimal ď rt rt{prt´1q s (see [10] , where a similar argument is used for r " 1, t " 2).
However, we cannot significantly decrease the number of edges needed to make the stars vertex disjoint. To see this, let us consider the rt 2 -graphH P Epr, t; n, mq with vertex set
set of edges consists of: ‚`u rt˘s ubsets which are unions of C 1 and some rt-element subset of U 1 , ‚`u rt˘s ubsets which are unions of C 2 and some rt-element subset of U 2 , ‚`u pr´1qt˘s ubsets which are unions T , C 1 and some pr´1qt-element subset of U 1 , ‚`u pr´1qt˘s ubsets which are unions T , C 2 and some pr´1qt-element subset of U 2 , ‚ and a thick clique on T Y C 1 Y C 2 whose teams are T and partitions of C 1 , C 2 .
It is easy to see thatH P Epr, t; n, mq with n " 2u`2rtpt´1q`t and the appropriate m. On the other hand, up to a thick clique of bounded size,H consists of two stars with centres C 1 and C 2 and to make them vertex disjoint one must delete at least Ωpn pr´1qt q edges.
Finally, let us notice that from Theorem 3.5 it follows that almost all the edges of dense extremal graphs from Epr, t; n, mq are contained in at most stars among which ´1 are roughly equal and only one can be a bit smaller than the others. Having this in mind one can easily compute the scaled extremal function
rt˘.
From Theorems 3.1 and 3.5 we know that the function is well defined for x P r0, 1s tt´t r u.
Furthermore, besides the point x " t´t r where it jumps from 0 to some value which is at least t´t 2 r 2 {prt´1q , it is continuous everywhere. It is also smooth everywhere except the points x " j 1´tr for j " 2, 3, . . . , rt tr{prt´1q s´1 (see [10] where details are worked out for the case r " 1, t " 2). §4. Tools
The purpose of this section is to gather three statements that will turn out to be useful in the proof of the Structure Theorem. While the first two of them are fairly well known, the third one (see Lemma 4.4 below) could very well be new.
4.1. Divisible set systems. Given a natural number t ě 2 we shall say that a set system pV, Eq is t-divisible if for any two distinct edges e, e
1 P E the size |e X e 1 | of their intersection is a multiple of t. The problem to study upper bounds on the size of such set systems with additional assumptions on the behaviour of the sizes of the edges modulo t was first studied, in the particular case t " 2, by Berlekamp [2] , who realised that ideas pertaining to linear algebra can be applied in such contexts. At a later occasion we will need a variant of one of his results that was first observed, in a more general form, by Babai and Frankl (see [3, Theorem 1] ). Lemma 4.1. Let pV, Eq be a t-divisible set system for some natural number t ě 2. If |e| " 1 pmod tq holds for all e P E, then |E| ď |V |.
Proof. Let p denote a prime factor of t. We identify the members of E with vectors from the |V |-dimensional vector space F V p via characteristic functions and contend that the stronger conclusion that E is linearly independent holds. To see this, one looks at a hypothetical linear dependency α 1 e 1`¨¨¨`αn e n " 0 with distinct e i P E and certain numbers α i P F p t0u, where n ě 1. Taking the standard scalar product with e 1 we obtain 0 " xe 1 , 0y " xe 1 , α 1 e 1`¨¨¨`αn e n y "
which is absurd.
Delta systems.
A set system F is called a sunflower (or a ∆-system) if there exists a (possibly empty) set S of vertices such that the intersection of any two distinct edges of F is equal to S. This constant intersection S is called the kernel of the sunflower.
In 1960 Erdős and Rado [6] proved their "sunflower lemma" saying that any sufficiently large collection of finite sets of bounded size contains big sunflowers. It should perhaps be pointed out that b!a b`1 is not the least number f pa, bq for which this statement is true. In fact, Erdős and Rado themselves stated a marginally better but less clean upper bound on this number in [6, Theorem III] , but despite the considerable attention that the problem to improve our understanding of the growth behaviour of this function has received (see e.g., [9] ) the progress on this problem has been rather slow. For the purposes of the present article, however, even knowing the exact value of f pa, bq would be quite immaterial.
4.3. Divisible pairs of set systems. The next result makes use of the following concept.
Definition 4.3. Let F and G denote two set systems with the same vertex set V and let q be a positive integer. We say that the pair pF, Gq is q-divisible if for all f P F and g P G the size |f X g| of their intersection is divisible by q.
Let us emphasise that the edges f and g occurring in this definition are not required to be distinct. In other words, if e P F X G, then |e| needs to be divisible by q.
The result that follows will often help us to analyse the structure of divisible pairs. Then there is a set system H on V with the following properties:
(ii ) H is an antichain (that is, x Ę y holds for all distinct x, y P H); (iii ) Every edge of F is a disjoint union of edges from H;
Proof. Without loss of generality we may assume that given k, q, and G, the set system F is maximal with respect to inclusion, i.e., that for every set system F˚Ś F with |f | ď k for all f P F˚the pair pF˚, F˚Y Gq fails to be q-divisible. Now we define H to be the collection of those members of F t∅u that are minimal with respect to inclusion, i.e., we set H " th P F t∅u : if f P F and f ‰ ∅, h, then f Ę hu .
This choice of H makes part (ii ) obvious and (iv ) follows directly from H Ď F. Assuming that (iii ) would be false let f P F be chosen with |f | minimum such that f is not expressible as a disjoint union of appropriate edges from H. Since the empty set is equal to the empty union, we have f ‰ ∅. Moreover, f cannot belong to H and, consequently, there exists some h P H with h Ď f and 0 ă |h| ă |f |. Notice that for every g P F Y G the number |pf hq X g| " |f X g|´|h X g| is divisible by q. Besides |f h| " |f |´|h| is divisible by q as well. Owing to the maximality of F it follows that pf hq P F. But in view of our minimal choice of f this means that f h is a disjoint union of edges from H and, hence, so is f . Thus H must satisfy (iii ).
Now it remains to show that H has bounded maximum degree. Assume for the sake of contradiction, that there exists a vertex v P V contained in more than k 2k edges of H and look at the set system
ith more than k elements. Denote the kernel of F˚by e and observe that, since |F˚| ą k, for all edges g P F Y G, the size of the intersection |e X g| is divisible by q. Moreover, by |F˚| ě 2 again, one can express e as the intersection of two members of F˚, whence |e| is divisible by q as well.
Together with the maximality of F these facts imply e P F. Using |F˚| ě 2 again we get some h P F˚Ď H properly containing e and by our definition of H this is only possible if e " ∅. But, on the other hand, we certainly have v P e. This contradiction concludes the proof of (i ) and, hence, the proof of the decomposition lemma. §5. Proof of the Structure Theorem This entire section is dedicated to the proof of Theorem 2.2. Let integers r ě 1 and t ě 2 as well as an rt 2 -uniform hypergraph H " pV, Eq with |V | " n be given such that the size of the intersection of any two edges of H belongs to the set I " ts : t | s or s ě rtpt´1qu , which means H P J pr, tq. We shall show that H P F`t, rt, prt 2 q
Let us start by colouring all those subsets f Ď V with |f | ď rtpt´1q`1 red that are kernels of sunflowers consisting of at least rt 2 edges of H. Recall that the latter condition means that there are to exist rt We imagine that the edges of G have been coloured green. The green sets of cardinality t will be referred to as teams. Notice that due to condition (d ) the teams are inseparable in H and, moreover, by (b ) and (d ) each team is disjoint to any other green set. Now we are ready to decompose V and H in the envisioned way. We start by defining V T to be the union of all teams and setting H T " HrV T s, which guarantees part (i ) of Definition 2.1.
Preparing the definition of H S we colour a set consisting of rtpt´1q vertices purple if it is the kernel of a ∆-system in Hr ed of size at least rt 2 . Imitating the proof of (5. Condition (iii ) of Definition 2.1 is an immediate consequence of this statement and it also follows that H S Ě th P H : |h X V S | " rtu. The reverse inclusion is implied by (5.5) and thereby condition (ii ) is proved as well.
It remains to establish (iv ), i.e., that for |V R |n rt´2 from (5.11) and the three previous estimates. This concludes the proof of (5.9) and, hence, the proof of the Structure Theorem 2.2.
